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4.17 Appendix – Experienced returns to VIX futures/related ETF’s . . . 201

4.18 Appendix – Expected returns to VIX futures/related ETF’s . . . . . 211

4.19 Appendix – Equity VIX’s . . . . . . . . . . . . . . . . . . . . . . . . 219

4.20 Appendix – Other issues: scheduled jumps . . . . . . . . . . . . . . 224

4.21 Appendix – Oct 1, 2008 closing VIX option quotes . . . . . . . . . . 226

4.22 Appendix – Further background on the VIX construction . . . . . . 227

4.23 Appendix – Mathematica calibration codes . . . . . . . . . . . . . . 230

5 Stochastic Volatility as a Hidden Markov Model 241

5.1 Introduction and summary . . . . . . . . . . . . . . . . . . . . . . . 242

5.2 Basic and two-level HMM probabilistic structures . . . . . . . . . . 244

5.3 The HMM discretization . . . . . . . . . . . . . . . . . . . . . . . . 246

5.4 The n-step transition density matrix . . . . . . . . . . . . . . . . . . 252

5.5 Latent state (volatility) inference . . . . . . . . . . . . . . . . . . . . 254

5.6 Mathematica implementation . . . . . . . . . . . . . . . . . . . . . . 258

5.7 Discussion of results . . . . . . . . . . . . . . . . . . . . . . . . . . . 263

5.8 Bootstrap sampling distributions for parameter estimates . . . . . . 272

5.9 Appendix – Related structures/terminologies: MRW’s, MAP’s . . . 275

5.10 Appendix – Mathematica Code: HMM.SVP.nb . . . . . . . . . . . . . 276

5.11 Appendix – The recursion for the log-likelihood . . . . . . . . . . . . 292

5.12 Appendix – More detail on data and results. . . . . . . . . . . . . . 293

6 Continuous-time Inference:

Mathematical Methods and Worked Examples 295

6.1 Introduction and overview . . . . . . . . . . . . . . . . . . . . . . . . 296

6.2 Local martingale limits . . . . . . . . . . . . . . . . . . . . . . . . . 302

6.3 Likelihood ratios: basic principles . . . . . . . . . . . . . . . . . . . . 305

6.4 Inference under slowly-reflecting diffusions. . . . . . . . . . . . . . . 308

6.5 MLE when b =
→

θ ·

→

β and no boundary processes . . . . . . . . . . . 312

6.6 Inference under the Ornstein-Uhlenbeck (OU) process . . . . . . . . 315

6.7 General methods for the bias and sampling distributions . . . . . . . 319

6.8 Inference under Feller’s square-root process . . . . . . . . . . . . . . 321

6.9 Appendix – More on slowly-reflecting diffusions . . . . . . . . . . . . 330

6.10 Appendix – Slowly-reflecting BM: occupation time density . . . . . 334



v

6.11 Appendix – An interesting constant related to Brownian motion . . 336

6.12 Appendix – Martingale criteria of Mijatović and Urusov . . . . . . . 340
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