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Defining the forward-looking Equity Risk Premium (ERP).
Unified modeling: exponential tilting of probability distributions (P/Q) by a
parameter γ.



Interpretation of γ as a Coefficient of Relative Risk Aversion (CRRA).



Estimation of the CRRA from historical US stock market data.



Everything has a term structure.



ERP term structures: early days of the Covid-19 pandemic.



The risk-return trade-off.



Two option chain methods.



Brief remarks on data and automation + Conclusions.
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Defining the
forward-looking
Equity Risk
Premium (ERP)

𝑬𝑬𝑬𝑬𝑬𝑬𝒕𝒕,𝑻𝑻 =

𝟏𝟏𝟏𝟏𝟏𝟏
𝑻𝑻−𝒕𝒕

𝐄𝐄𝒕𝒕𝑷𝑷

𝑺𝑺� 𝑻𝑻
𝑺𝑺� 𝒕𝒕

𝒇𝒇

− (𝟏𝟏 + 𝑹𝑹𝒕𝒕,𝑻𝑻 ) ,

3

�𝒕𝒕 is a broad-based US total
where 𝑺𝑺
return equity index (includes dividends)
𝒇𝒇



𝑹𝑹𝒕𝒕,𝑻𝑻 is an observable risk-free return (US
Treasury)



Notes:



Like interest rates, always annualize and
express results in percent.



Expectations 𝐄𝐄𝒕𝒕𝑷𝑷 [. . ] use a (best guess for)
Real-world probability (P-prob,
“objective”, statistical, actuarial, etc.),
conditioned on time-t information.

Unified modeling: exponential tilting
P/Q duality under exponential tilting/Esscher transform:
𝒒𝒒𝑿𝑿𝑻𝑻 𝒙𝒙 =

where 𝑿𝑿𝑻𝑻 =

𝒆𝒆−𝜸𝜸𝜸𝜸 𝒑𝒑𝑿𝑿𝑻𝑻 𝒙𝒙

∫ 𝒆𝒆−𝜸𝜸𝜸𝜸 𝒑𝒑𝑿𝑿𝑻𝑻 𝒙𝒙 𝒅𝒅𝒅𝒅

�𝑻𝑻
𝑺𝑺
𝐥𝐥𝐥𝐥𝐥𝐥 �
𝑺𝑺𝒕𝒕

⇔

𝒑𝒑𝑿𝑿𝑻𝑻 𝒙𝒙 =

𝒆𝒆𝜸𝜸𝜸𝜸 𝒒𝒒𝑿𝑿𝑻𝑻 𝒙𝒙

∫ 𝒆𝒆𝜸𝜸𝜸𝜸 𝒒𝒒𝑿𝑿𝑻𝑻 𝒙𝒙 𝒅𝒅𝒅𝒅

,

= log-total-return, 𝜸𝜸 = tilt parameter,

P = real-world distribution with density p(x),
Q = risk-neutral distribution (inferred from option prices).
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Tilt parameter γ as a
Coefficient of Relative Risk Aversion (CRRA)





Representative Agent with power utility: 𝑼𝑼 𝑾𝑾𝑻𝑻 =

𝒆𝒆−𝝆𝝆𝝆𝝆 𝑾𝑾𝑻𝑻 𝟏𝟏−𝜸𝜸
𝟏𝟏−𝜸𝜸 𝑾𝑾𝟎𝟎

Chooses portfolio from equity index with price 𝑺𝑺� 𝟎𝟎 , risk-free discount bond contract with
price 𝑫𝑫𝟎𝟎,𝑻𝑻 , and an equity derivative with payoff 𝑽𝑽𝑻𝑻 = 𝒘𝒘 𝒙𝒙𝑻𝑻 , where 𝒙𝒙𝑻𝑻 = 𝐥𝐥𝐥𝐥𝐥𝐥 𝑺𝑺� 𝑻𝑻 .
Objective: maximize P-expected utility (real-world expected utility).



Market clearing equilibrium: 100% equity allocation, zero to the rest.



Result: 𝑽𝑽𝟎𝟎 = 𝑫𝑫𝟎𝟎,𝑻𝑻 𝑬𝑬𝟎𝟎 𝑽𝑽𝑻𝑻 ,







𝑸𝑸

where

𝑸𝑸
𝑬𝑬𝟎𝟎

𝑽𝑽𝑻𝑻 =

𝑬𝑬𝑷𝑷
𝟎𝟎

𝒎𝒎𝟎𝟎,𝑻𝑻 𝑽𝑽𝑻𝑻

𝑬𝑬𝑷𝑷
𝟎𝟎 𝒎𝒎𝟎𝟎,𝑻𝑻

=

�
𝑺𝑺

𝑻𝑻
𝑬𝑬𝑷𝑷
𝟎𝟎 𝑺𝑺
�
𝟎𝟎

−𝜸𝜸

�
𝑺𝑺

𝑻𝑻
𝑬𝑬𝑷𝑷
𝟎𝟎 �
𝑺𝑺𝟎𝟎

𝑽𝑽𝑻𝑻

−𝜸𝜸

,

(𝒎𝒎𝟎𝟎,𝑻𝑻 is a stochastic discount factor)

Finally, specialize to: 𝒘𝒘 𝒙𝒙 = 𝜹𝜹(𝒙𝒙 − 𝒚𝒚 − 𝐥𝐥𝐥𝐥𝐥𝐥 𝑺𝑺� 𝟎𝟎 ) (Dirac delta) ⇒

𝒒𝒒𝑿𝑿𝑻𝑻 𝒙𝒙 =

𝒆𝒆−𝜸𝜸𝜸𝜸 𝒑𝒑𝑿𝑿𝑻𝑻 𝒙𝒙

∫ 𝒆𝒆−𝜸𝜸𝜸𝜸 𝒑𝒑𝑿𝑿𝑻𝑻

�
𝑺𝑺

, where recall 𝑿𝑿𝑻𝑻 = 𝐥𝐥𝐥𝐥𝐥𝐥 �𝑻𝑻 .
𝑺𝑺𝟎𝟎
𝒙𝒙 𝒅𝒅𝒅𝒅
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Estimation of the CRRA 𝛾𝛾 from history





�𝑻𝑻 , the standard pricing relation reads
If 𝑽𝑽𝑻𝑻 = 𝑺𝑺

�𝒕𝒕 =
𝑺𝑺

𝟏𝟏

𝒇𝒇
𝟏𝟏+𝑹𝑹𝒕𝒕,𝑻𝑻

𝑸𝑸 �
𝑬𝑬𝒕𝒕 𝑺𝑺
𝑻𝑻

𝑸𝑸

𝒇𝒇

or, equivalently, 𝑬𝑬𝒕𝒕 𝑹𝑹𝒆𝒆𝒕𝒕,𝑻𝑻 − 𝑹𝑹𝒕𝒕,𝑻𝑻 =0

(*)

Fix T-t, at say one-month, and employ (*) on an unconditional basis:
𝒇𝒇

∫ 𝒆𝒆−𝜸𝜸𝜸𝜸 (𝑹𝑹𝒆𝒆𝒕𝒕 −𝑹𝑹𝒕𝒕 ) 𝒑𝒑(𝒙𝒙𝒕𝒕 ) 𝒅𝒅𝒙𝒙𝒕𝒕 = 𝟎𝟎, where

𝑹𝑹𝒆𝒆𝒕𝒕 = 𝒆𝒆𝒙𝒙𝒕𝒕 − 𝟏𝟏
𝟏𝟏
𝑴𝑴



For 𝒑𝒑(𝒙𝒙𝒕𝒕 ) use a long-run empirical density: 𝒑𝒑(x)= ∑𝑴𝑴
𝒊𝒊=𝟏𝟏 𝜹𝜹(𝒙𝒙 − 𝒙𝒙𝒊𝒊 )



This estimator is very straightforward (is it novel?)





𝒇𝒇

−𝜸𝜸𝒙𝒙𝒊𝒊 (𝒆𝒆𝒙𝒙𝒊𝒊 − 𝟏𝟏 − 𝑹𝑹 )
� = 𝟎𝟎, where 𝒇𝒇 𝜸𝜸 = ∑𝑴𝑴
Result: the estimator 𝒇𝒇 𝜸𝜸
𝒊𝒊=𝟏𝟏 𝒆𝒆
𝒊𝒊

Could be thought of as an IID model estimator, using the empirical density.
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Estimation of 𝛾𝛾 from history (cont)


S&P 500 index monthly total returns; various start dates through Dec 2020



𝜸𝜸 in [2,4] is a robust result; 𝜸𝜸 = 𝟑𝟑. 𝟎𝟎 ± 𝟎𝟎. 𝟖𝟖 is my preferred range.






Very similar results with CRSP data (Ken French data library).

𝝈𝝈 𝜸𝜸 from Monte Carlo bootstrap sampling (recall IID interpretation).
My results: compatible with a classic study (Friend & Blume, 1975).

Other finance literature: 𝜸𝜸 in [0,55]! (table in Bliss & Panigirtzoglou, 2004).
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Everything has a term structure:
(𝑃𝑃,𝑄𝑄)
(𝑃𝑃,𝑄𝑄)
(𝑃𝑃,𝑄𝑄)
𝑓𝑓
𝑅𝑅𝑡𝑡,𝑇𝑇 , ERP𝑡𝑡,𝑇𝑇 , 𝜎𝜎𝑡𝑡,𝑇𝑇 , SKEW𝑡𝑡,𝑇𝑇 , KURT𝑡𝑡,𝑇𝑇
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ERP term structures during the early
days of the Covid-19 pandemic

9

ERP term structures during the early
days of the Covid-19 pandemic (cont)

10

ERP term structures during the early
days of the Covid-19 pandemic (cont)
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The Risk-return
Trade-off


Data: my Covid study,
using GMM fits.



GMM = Gaussian
mixture model.



Dotted line shown is the
(generalized) Merton’s
relation:



𝟐𝟐

𝐄𝐄𝐄𝐄𝐄𝐄𝒕𝒕,𝑻𝑻 = 𝜸𝜸 × 𝝈𝝈𝑷𝑷
𝒕𝒕,𝑻𝑻 ,
using 𝜸𝜸=3

Two option chain methods:
1. Fitting a Gaussian Mixture Model (GMM)



My legacy method (used for the Covid study),



With 𝒙𝒙𝑻𝑻 = 𝐥𝐥𝐥𝐥𝐥𝐥 𝑺𝑺𝑻𝑻 /𝑺𝑺𝒕𝒕 𝐚𝐚𝐚𝐚𝐚𝐚 𝝉𝝉 = 𝑻𝑻 − 𝒕𝒕, N = 4 or 5,







𝒒𝒒𝑿𝑿𝑻𝑻 𝒙𝒙 = ∑𝑵𝑵
𝒊𝒊=𝟏𝟏 𝒘𝒘𝒊𝒊

𝟐𝟐

𝟐𝟐
𝒆𝒆− 𝒙𝒙−𝝁𝝁𝒊𝒊 𝝉𝝉 /(𝟐𝟐 𝝈𝝈𝒊𝒊 𝝉𝝉)

𝟐𝟐 𝝅𝝅 𝝈𝝈𝟐𝟐𝒊𝒊 𝝉𝝉

(3N-2 free parameters; fit option prices)

After exponential tilt with CRRA 𝜸𝜸 , div yield 𝜹𝜹 = 𝜹𝜹𝒕𝒕,𝑻𝑻 , 𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫 𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫 𝒓𝒓 = 𝒓𝒓𝒕𝒕,𝑻𝑻
⇒ 𝒑𝒑𝑿𝑿𝑻𝑻 𝒙𝒙 ⇒

(𝒂𝒂𝒂𝒂𝒂𝒂,%)
𝐄𝐄𝐄𝐄𝐄𝐄𝒕𝒕,𝑻𝑻

using 𝜶𝜶𝒊𝒊 = 𝝁𝝁𝒊𝒊 𝝉𝝉,

=

𝟏𝟏𝟏𝟏𝟏𝟏
𝑻𝑻−𝒕𝒕

𝒗𝒗𝒊𝒊 = 𝝈𝝈𝟐𝟐𝒊𝒊 𝝉𝝉,

𝟏𝟏

� 𝒊𝒊 𝒆𝒆𝜶𝜶𝒊𝒊 +(𝜸𝜸+𝟐𝟐)𝒗𝒗𝒊𝒊
𝒆𝒆𝜹𝜹𝜹𝜹 ∑𝑵𝑵
𝒊𝒊=𝟏𝟏 𝒘𝒘
𝜷𝜷𝒊𝒊 = 𝜸𝜸𝜶𝜶𝒊𝒊 +

𝟏𝟏
𝟐𝟐

𝜸𝜸𝟐𝟐 𝒗𝒗𝒊𝒊 ,

− 𝒆𝒆𝒓𝒓𝒓𝒓 ,

𝜷𝜷𝒊𝒊
� 𝒊𝒊 = 𝒘𝒘𝒊𝒊 𝒆𝒆𝜷𝜷𝒊𝒊 /∑𝑵𝑵
𝒘𝒘
𝒊𝒊=𝟏𝟏 𝒘𝒘𝒊𝒊 𝒆𝒆
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Two option chain methods:
1. Fitting a GMM (cont)
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Two option
chain methods:
1. GMM (cont)
Typical results from fitting the Riskneutral (Q-density) to SPX options,
and then tilting by 𝛾𝛾 to find the
Real-world (P-density).
Columns: Q,P, and Q-P densities
(almost always find unimodal fits)
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Two option chain methods:
2. VIX Technology (Payoff replication)





Recall that the CBOE Volatility Index (“VIX”) uses SPX options to estimate:
𝑸𝑸 𝟏𝟏
𝑻𝑻

𝟐𝟐
𝑽𝑽𝑽𝑽𝑽𝑽𝟎𝟎,𝑻𝑻
= 𝑬𝑬𝟎𝟎

𝑻𝑻

𝟐𝟐

𝑸𝑸

∫𝟎𝟎 𝝈𝝈𝟐𝟐𝒕𝒕 𝒅𝒅𝒅𝒅 = − 𝑻𝑻 𝑬𝑬𝟎𝟎 𝐥𝐥𝐥𝐥𝐥𝐥

𝑺𝑺𝑻𝑻
𝑭𝑭𝟎𝟎,𝑻𝑻

, where 𝝈𝝈𝟐𝟐𝒕𝒕 is an inst. variance rate,

𝑭𝑭𝟎𝟎,𝑻𝑻 = forward stock price for sale at 𝑻𝑻, 𝑺𝑺𝑻𝑻 = stock price (no dividends).

Assume a continuum of puts and calls with prices 𝑷𝑷𝟎𝟎,𝑻𝑻 𝑲𝑲 , 𝑪𝑪𝟎𝟎,𝑻𝑻 (𝑲𝑲), (K=strike).



From Breeden-Litzenberger (𝑸𝑸𝟎𝟎,𝑻𝑻 𝑲𝑲 = 𝒆𝒆𝒓𝒓𝒓𝒓 𝑪𝑪′′
𝟎𝟎,𝑻𝑻 (𝑲𝑲)) and parts, value a general
payoff 𝒘𝒘 𝑺𝑺𝑻𝑻 using the (well-known) general replication formula:



In practice, use options-implied forward (See “VIX White Paper (VWP)”).



𝑸𝑸

𝑭𝑭

𝑭𝑭

𝑬𝑬𝟎𝟎 𝒘𝒘(𝑺𝑺𝑻𝑻 ) = 𝒘𝒘 𝑭𝑭𝟎𝟎,𝑻𝑻 + 𝒆𝒆𝒓𝒓𝒓𝒓 ∫𝟎𝟎 𝟎𝟎,𝑻𝑻 𝒘𝒘′′ 𝑲𝑲 𝑷𝑷𝟎𝟎,𝑻𝑻 𝑲𝑲 𝒅𝒅𝒅𝒅 + ∫𝟎𝟎 𝟎𝟎,𝑻𝑻 𝒘𝒘′′ 𝑲𝑲 𝑪𝑪𝟎𝟎,𝑻𝑻 𝑲𝑲 𝒅𝒅𝒅𝒅 .
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Two option chain methods:
2. VIX Technology (continued)






Recall 𝐄𝐄𝐄𝐄𝐄𝐄𝟎𝟎,𝑻𝑻 =

𝟏𝟏𝟏𝟏𝟏𝟏
𝑻𝑻

𝑬𝑬𝑷𝑷
𝟎𝟎

�𝑻𝑻
𝑺𝑺
�𝟎𝟎
𝑺𝑺

𝒇𝒇

�𝒕𝒕 = price (with dividends).
− (𝟏𝟏 + 𝑹𝑹𝟎𝟎,𝑻𝑻 ) , where 𝑺𝑺

Want Q-expectations, using density 𝒒𝒒𝑺𝑺𝑻𝑻 𝒔𝒔 , where 𝑺𝑺𝒕𝒕 = price (no dividends).

�𝑻𝑻 = 𝒆𝒆𝜹𝜹𝜹𝜹 𝑺𝑺𝑻𝑻 , where 𝜹𝜹 = 𝜹𝜹𝟎𝟎,𝑻𝑻 is the (options-implied) dividend yield, apply
With 𝑺𝑺
the exponential tilt 𝐏𝐏 → 𝑸𝑸. The result allows application of the general
replication formula (previous slide):
𝑬𝑬𝑷𝑷
𝟎𝟎

�𝑻𝑻
𝑺𝑺
�𝟎𝟎
𝑺𝑺

=

𝑸𝑸

𝒆𝒆𝜹𝜹𝜹𝜹 𝑬𝑬𝟎𝟎 𝒘𝒘𝒏𝒏𝒏𝒏𝒏𝒏 (𝑺𝑺𝑻𝑻 )
𝑺𝑺𝟎𝟎 𝑬𝑬𝑸𝑸 𝒘𝒘𝒅𝒅𝒅𝒅𝒅𝒅 (𝑺𝑺𝑻𝑻 )
𝟎𝟎

=

𝑸𝑸

𝟏𝟏+𝜸𝜸

𝒆𝒆𝜹𝜹𝜹𝜹 𝑬𝑬𝟎𝟎 𝑺𝑺𝑻𝑻
𝑺𝑺𝟎𝟎 𝑬𝑬𝑸𝑸 𝑺𝑺𝜸𝜸
𝟎𝟎 𝑻𝑻
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Two option chain
methods:
2. VIX Tech
(abbreviated VWP
– continued)
Using the general
replication formula, one
finds the boxed result (𝐾𝐾0 is
an arbitrary positive strike).
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My two
methods
are
numerically
very close

Data and automation



My codes are a mix of Mathematica (GMM) and Python (VIX tech).



Option data from the Cboe DataShop (modest pricing).



Cboe offers: 1. End of day option quotes with calcs (3:45pm EST snapshot)



2. EOD quotes: 3:45pm EST + 4:15pm EST (SPX option close).



I use/recommend the 3:45pm quotes (high liquidity; 4pm=NYSE close).



Will post the Python codes that manipulate these files (GitHub?) as open
access supplement to the book.
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Conclusions + Other Book Topics



The ERP has substantial time and term structure variation.



That variation is best seen through option data and Q→P transformations.



The exponential tilt transformation is straightforward, plausible, and
economically motivated (𝜸𝜸-tilt for short).



𝜸𝜸-tilt alone accounts for a generally rising term structure of Q-variance.




I provide two methods that reinforce each other: a (legacy) GMM fit and a fast
option payoff replication method (using VIX technology).
Other book topics (not discussed in this talk):



1. Options-based ERP’s weakly predict future market returns.



2. Can estimate historical ERP’s (pre-SPX options) with GARCH-type models.
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